Infinitely many Casoratian identities are derived for the Wilson and Askey-Wilson polynomials in parallel to the Wronskian identities for the Hermite, Laguerre and Jacobi polynomials, which were reported recently by the present authors. These identities form the basis of the equivalence between eigenstate adding and deleting Darboux transformations for solvable (discrete) quantum mechanical systems. Similar identities hold for various reduced form polynomials of the Wilson and Askey-Wilson polynomials, e.g. the continuous q-Jacobi, continuous (dual) (q-)Hahn, Meixner-Pollaczek, Al-Salam-Chihara, continuous (big) q-Hermite, etc.
Introduction
In a previous paper [1] we reported infinitely many Wronskian identities for the Hermite, Laguerre and Jacobi polynomials. They relate the Wronskians of polynomials of twisted parameters to the Wronskians of polynomials of shifted parameters. Here we will present similar identities for the Wilson and Askey-Wilson polynomials and their reduced form polynomials [2, 3, 4] . The Wronskians are now replaced by their difference analogues, the Casoratians.
The basic logic of deriving these identities is the same for the Jacobi polynomials etc and for the Askey-Wilson polynomials etc; the equivalence between the multiple DarbouxCrum transformations [5] - [9] in terms of pseudo virtual state wave functions and those in ¶ Dedicated to Richard Askey for his eightieth birthday.
terms of eigenfunctions with shifted parameters. In other words, the duality between eigenstates adding and deleting transformations. The virtual and pseudo virtual state wave functions have been reported in detail for the differential and difference Schrödinger equations [1, 10, 11, 12, 13] . The virtual state wave functions are the essential ingredient for constructing multi-indexed orthogonal polynomials. The pseudo virtual state wave functions play the main role in the above mentioned duality. These Casoratian (Wronskian) identities could be understood as the consequences of the forward and backward shift relations and the discrete symmetries of the governing Schrödinger equations. The forward and backward shift relations are the characteristic properties of the classical orthogonal polynomials, satisfying second order differential and difference equations. These polynomials depend on a set of parameters, to be denoted symbolically by λ. The forward shift operator F (λ) connectš P n (x; λ) toP n−1 (x; λ + δ), with δ being the shift of the parameters. For the definition of P n (x; λ), see (2. 3) and the paragraph below it. The backward shift operator B(λ) connects them in the opposite direction, see (2.18) . In the context of quantum mechanical reformulation of the classical orthogonal polynomials [14] , the principle underlying the forward and backward shift relations is called shape invariance [15] .
These identities imply the equality of the deformed potential functions with the twisted and shifted parameters in the difference Schrödinger equations. This in turn guarantees the equivalence of all the other eigenstate wave functions for proper parameter ranges if the self-adjointness of the deformed Hamiltonian and other requirements of quantum mechanical formulation are satisfied. In contrast, the Casoratian identities (3.61)-(3.62), (3.63)- (3.64) are purely algebraic relations and they are valid at generic values of the parameters.
The present work is most closely related in its contents with [12] , which formulates deformations of the Wilson and Askey-Wilson polynomials through Casoratians of virtual state wave functions. The relationship of the present work with [12] is the same as that of [1] with [10, 11] ; derivation of Wronskian-Casoratian identities which reflect the solvability of classical orthogonal polynomials revealed through deformations. 
Pseudo Virtual States in Discrete Quantum Mechanics
Various properties of the classical orthogonal polynomials can be understood in a unified fashion by considering them as the main part of the eigenfunctions of a certain self-adjoint operator (called the Hamiltonian or the Schrödinger operator) acting on a Hilbert space. This scheme works for those classical orthogonal polynomials satisfying second order difference equations (with real or pure imaginary shifts, e.g. the Askey-Wilson [16] and q-Racah polynomials [17] ) as well as for those obeying second order differential equations, e.g. the Jacobi polynomials. We refer to [14] for the general introduction of the quantum mechanical reformulation of the classical orthogonal polynomials.
Here we first summarise the basic structure of discrete quantum mechanics with pure imaginary shifts in one dimension. Next in § 2.2 we introduce the pseudo virtual state wave functions, the key ingredient of the eigenstates adding transformations. The general definitions and formulas are followed by explicit ones for the Wilson and Askey-Wilson polynomials, which are two most generic members of Askey scheme of hypergeometric orthogonal polynomials with pure imaginary shifts.
Basic formulation
Here we summarise the basic definitions and formulas of discrete quantum mechanics, with the Wilson and Askey-Wilson polynomials as explicit examples. We start from the following factorised positive semi-definite Hamiltonian (e ±γp f )(x) = f (x ∓ iγ) :
which is an analytic difference operator acting on holomorphic functions of x on a strip,
. Here p = −i∂ x is the momentum operator and γ is a real number. The * -operation on an analytic function f (x) = n a n x n (a n ∈ C) is defined
n is the complex conjugation of a n . Obviously f * * (x) = f (x). If a function satisfies f * = f , then it takes real values on the real line. For the concrete forms of V (x), see (2.7). The branch of V (x) is determined by the requirement of the self-adjointness of the Hamiltonian [14, 16] .
The following type of factorisation of the eigenfunctions is characteristic to all the systems related with the classical orthogonal polynomials [14] , e.g. Jacobi [10] , Askey-Wilson [12] and q-Racah [17] :
in which φ 0 (x; λ) is the ground state eigenfunction andP n (x; λ) = P n η(x); λ is a polynomial of degree n in a certain function η(x), called the sinusoidal coordinate (2.8) [18] . We adopt the convention of 'real' eigenfunctions, φ * 0 (x; λ) = φ 0 (x; λ) andP * n (x; λ) =P n (x; λ). The eigenfunctions form an orthogonal basis
The defining domain and the parameters for the Wilson (W) and Askey-Wilson (AW) polynomials are:
W :
AW : Here are the fundamental data:
10)
Here W n and p n in (2.11) are the Wilson and the Askey-Wilson polynomials defined in [4] and the symbols (a) n and (a; q) n are (q-)shifted factorials. The auxiliary function ϕ(x) (2.8)
; λ) (2.21) and others.
The most basic ingredient of this formulation is the ground state eigenfunction φ 0 (x; λ), which is the zero mode of the operator A(λ):
The essential property of the ground state wave function φ 0 (x; λ) (2.13) is that it has no zeros in the domain x 1 < x < x 2 , and its square gives the weight function of the classical orthogonal polynomials (2.4). In other words, the quantum mechanical reformulation provides the weight functions of the classical orthogonal polynomials based only on the data (V (x)) of the difference equation of the polynomials (2.14), (2.15) . The situation is the same for the (q-)Racah polynomials, etc [17] . This reformulation, in turn, opens various possibilities for deformations. By similarity transforming the difference Schrödinger equation (2.3) in terms of the ground state eigenfunction, we obtain the second order difference operator H(λ) acting on the polynomial eigenfunctions
14) (2.17) and their action on the polynomials is
These are universal relations valid for all the polynomials in the Askey scheme. In the above equations, the factors of the energy eigenvalue, f n (λ) and
for the Wilson and Askey-Wilson polynomials are given by 19) and the auxiliary function ϕ(x) is defined in (2.8). Here b n−1 (λ) given above should not be confused with b 1 and b 4 as given in (2.9).
At the basis of these relations are the shape covariant properties of the potential and the ground state eigenfunctions [12] : [8, 9] . By choosing special types of non-eigen seed solutions, called the virtual state wave functions [14] , the multi-indexed Wilson and Askey-Wilson polynomials had been constructed [12] . In those cases, the deformed systems are exactly iso-spectral to the original system.
In the present paper, we consider non-isospectral deformations by using the pseudo virtual state wave functions [1, 11] as in the parallel situations for the Jacobi polynomials etc. [1] .
Pseudo virtual state wave functions
The pseudo virtual state wave functions are defined from the eigenfunctions by twisting the parameters, λ → t(λ), t 2 = Id, based on the discrete symmetry of the original Hamiltonian system (2.1).
For a certain choice of the twist operator t, the twisted potential function V ′ (x; λ)
satisfies the relations
with real constants α(λ) and α ′ (λ). The second condition (2.26) determines the sign of α(λ). These mean a linear relation between the two Hamiltonians:
This in turn implies that the twisted eigenfunctionφ v (x; λ)
satisfies the original Schrödinger equation withẼ v (λ):
If the following conditionẼ
is satisfied, the twisted eigenfunctionφ v (x; λ) is called a pseudo virtual state wave function.
For the Wilson and the Askey-Wilson polynomials, the appropriate twisting is:
The pseudo virtual state wave functionφ v reads
The twisted potential is linearly related to the original potential by
in which the auxiliary function ϕ(x) is defined in (2.8).
Casoratian Identities for the Equivalence between Eigenstates Adding and Deleting Transformations
The main tool for deriving these identities is multiple Darboux (Darboux-Crum) transformations, in terms of which various deformations of solvable quantum mechanics are obtained.
In discrete quantum mechanics [8, 9] , as demonstrated for the multi-indexed Wilson and
Askey-Wilson polynomial cases [12] , the deformed potential functions and the deformed eigenfunctions etc can be expressed neatly by the Casoratians, which are the discrete analogues of the Wronskians.
Casoratian formulas
First let us summarise the definitions and various properties of Casoratians. The Casorati determinant of a set of n functions {f j (x)} is defined by
, which satisfies identities 
Eigenstates adding Darboux transformations
) be a set of distinct non-negative integers and we use the pseudo virtual state wave functions {φ d j (x; λ)}, j = 1, . . . , M in this order. In the formulas below (3.5)-(3.12), (3.14)-(3.15), the parameter (λ) dependence is suppressed for simplicity of presentation. The algebraic structure of the multiple Darboux transformations is the same when the virtual or pseudo virtual state wave functions or the actual eigenfunctions are used as seed solutions. The system obtained after s steps of Darboux transformations in terms of pseudo virtual state wave functions labeled
The eigenfunctions and the pseudo virtual state wave functions in all steps are 'real' by
..ds v (x) and they have Casoratian expressions:
These are essentially the same as those obtained for the multi-indexed polynomials as given in (2.18)-(2.24) of [12] , which have been derived in terms of the virtual state wave functions.
One marked difference from the multi-indexed polynomials case, in which virtual state wave functions are used, is the appearance of new eigenstates below the original ground state (Ẽ d j < 0) as many as those used pseudo virtual state wave functions: 13) satisfying the pseudo constant condition C s (x − iγ) = C s (x). In the numerator of (3.11), 
the new eigenstates are the zero modes of the operatorÂ
For the elementary Darboux transformation, s = 1, the above zero mode (3.11) reads , AW : 17) in contrast with the original parameter range given in (2.6).
It is illuminating to compare the above zero mode (3.16) with the corresponding ones in the ordinary quantum mechanics. For example, for the Pöschl-Teller potential λ = (g, h),
the pseudo virtual state wave function and the corresponding zero mode, which is simply a reciprocal, are t(λ) = (1 − g, 1 − h) [1] :
It should be stressed that for the virtual state wave functions [12] , the function C s (x) (3.13) is not a pseudo constant C s (x) = C s (x−iγ). That is, in the Darboux transformations in terms of virtual states, the wave function (3.11) with (3.13) does not satisfy the Schrödinger equation (3.12) . The function C s (x) (3.13) plays an important role to guarantee for the newly added eigenstates (3.11) to belong to the proper Hilbert space of the deformed Hamiltonian
Let us introduce appropriate notation for the quantities after the full deformation using the M pseudo virtual state wave functions specified by
We use simplified notation
The Casoratians of eigenfunctions, the pseudo virtual state wave functions and mixed ones are factorised into a polynomial in η(x) (the sinusoidal coordinate) and a kinematical factor.
For eigenfunctions only we have
Here we use the symbol x
−j) as introduced in (3.1) and the auxiliary function [9] is defined by: 22) and ϕ 0 (x) = ϕ 1 (x) = 1. Here [x] denotes the greatest integer not exceeding x.
The Casoratian containing the M pseudo virtual state wave functions only reads:
The Casoratian containing the M pseudo virtual state wave functions and one eigenfunction reads:
where
In these expressionsΞ D (η; λ), Ξ D (η; λ), P D,n (η; λ) are polynomials in η and their degrees
The kinematical factorsĀ D , A D , A D,n depend on M but they are independent of the explicit choices of the degrees {d j }. There are obvious relations
reflecting the fact that the pseudo virtual state wave functions are defined by twisting (2.37).
The deformed eigenfunctions φ D n , the newly added eigenfunctionsΦ D;d j and the deformed potential functionV D are expressed neatly in terms of the above quantities with
Here, as before, we have used the notationΞ D (x; λ) = Ξ D (η(x); λ), etc.
The shape invariance of the original theory implies relations
which are the difference analogues of the relations (4.33) of [1] . They are derived based on the forward shift relation (2.18), the property of the Casoratian
and the property of ϕ M (x), 
Eigenstates deleting Darboux transformations
In a previous publication [1] we have shown for various solvable potentials in ordinary quantum mechanics that the eigenstates adding Darboux transformations are dual to eigenstates deleting Krein-Adler transformations with shifted parameters. The situation is the same for various solvable theories in discrete quantum mechanics. The correspondence among the added eigenstates specified by D and the deleted eigenstatesD with shifted parameterλ (3.44) is depicted in Fig. 1 .
Let us introduce an integer N and fix it to be not less than the maximum of D:
This determines a set of distinct non-negative integersD = {0, 1, . . . ,
together with the shifted parametersλ:
. . , N} = {e 1 , e 2 , . . . , e N +1−M },
The eigenvalue E n as a function of the parameters λ in general satisfies the relations:
45)
The first relation (3.45) says that n-th eigen level of the original system corresponds to (N + 1 + n)-th level of the parameter shifted system. The second formula (3.46) means that the state created by a pseudo virtual state wave functionφ v is related tov-th level of the parameter shifted system. These relations are the base of the duality depicted in Fig. 1 .
Among the newly created eigenfunctions the lowest energy level µ is given by In terms of the polynomialΞD the eigenfunctions are expressed in a similar way as (3.35)-(3.37):
..N (x;λ) = ±ΞDd j (x;λ). Let us take, without loss of generality,
This means that µ =d M . The potential function is also expressed by the polynomials as in (3.38):
The duality between the eigenstates adding and deleting transformations is stated as the following: are equivalent. To be more specific, the equality of the Hamiltonians and the eigenfunctions read :
The singularity free conditions of the potential are [7, 9] 
The parameters of the shifted Hamiltonian H 
Derivation of the Casoratian identities
The above duality, i.e. Proposition 1, is the simple consequence of the following 
Proposition 2 The Casoratian Identities read
By shape invariance, the ground state (n = N +1) ofH coincides with that of the undeformed system H(λ), i.e. φ 0 (x; λ):H
In this caseD ′ = {0, 1, . . . , N} andΞ {0,1,...,N } (x;λ) = constant (3.42), we obtain from (3.55)
ΞD(x;λ) + Ev(λ).
By using the zero mode equation (2.13), the shape covariance relations of φ 0 (2.22)-(2.23) and of V (2.20) and the general twisting relation (2.38), we obtain
With the second basic twist relation (2.26), the properties of E n (3.45)-(3.46) and α ′ (λ) = E −1 (λ), we obtain a difference equation forΞD(x;λ):
This is indeed the difference equation for P v η(x); t(λ) and we arrive at the relation P v η; t(λ) ∝ΞD(η;λ) (3.65).
second step : Assume that (3.64) holds till M (M ≥ 1), we will show that it also holds for M + 1.
By using the Casoratian identity (3.4), we obtain
This leads to
namely M + 1 case is shown. Here we have used
which is easily verified. This concludes the induction proof of (3.64).
Reduced Case Polynomials
It is well known that the other members of the Askey scheme polynomials can be obtained by reductions from the Wilson and the Askey-Wilson polynomials. Here we list the discrete symmetry transformations and the pseudo virtual state wave functions for all the reduced case polynomials. In contrast to the virtual state wave functions, the pseudo virtual state wave functions are universal and they exist for all the solvable potentials with shape invariance. For example, for the systems of the harmonic oscillator and the q-harmonic oscillator with the (q-)Hermite polynomials as the main part of the eigenfunctions [19] , virtual state wave functions do not exist. However, the pseudo virtual state wave functions for the harmonic oscillator was reported in [1] and those for the q-harmonic oscillator will be introduced in § 4.2. The Casoratian identities hold for these reduced case polynomials, too.
Reductions from the Wilson polynomial
Three polynomials belong to this group; the continuous dual Hahn (cdH), the continuous The defining domain and the parameters of these reduced case polynomials are:
cdH :
), κ = 1, cH :
), κ = 1,
MP :
in which the parameters are restricted by
Here are the fundamental data:
3)
: MP , (4.7)
: cH
The relations (2.20)-(2.21) are satisfied.
pseudo virtual state wave functions
The twisting of the polynomials in this group is straightforward. We define the twisted potential V ′ (x; λ) (2.24) by
The relations (2.25)-(2.26), (2.32) and (2.38) are satisfied with 11) and the pseudo virtual state wave function is obtained by simple twisting of the parameters φ v (x; λ) =φ 0 (x; λ)ξ v (x; λ) as in (2.36)-(2.37). is obtained by setting some of the parameters {a j } to zero. For all member polynomials in this subsection, we have
Reductions from the Askey-Wilson polynomial
x 1 = 0, x 2 = π, γ = log q, κ = q −1 , η(x) = cos x, ϕ(x) = 2 sin x.
Group (A) reductions from the Askey-Wilson polynomial
The continuous q-Jacobi (cqJ) polynomial belongs to this group. It is obtained by restricting the four parameters (a 1 , a 2 , a 3 , a 4 ) of the Askey-Wilson polynomial as
) , (4.12)
14)
The eigenvalues and the corresponding eigenfunctions are:
pseudo virtual states for Group (A)
The twisting of the Askey-Wilson case (2.33) is consistent with the reduction to Group (A).
That is a j → q a −1 j (j = 1, . . . , 4) simply translates to the twisting of the two parameters α and β: The parameters of Group (B) are 
The basic data are obtained from those of the Askey-Wilson and the continuous q-Jacobi polynomials by simply putting the appropriate parameters to zero: 
: cqH 
pseudo virtual states for Group (B)
The twisting of the Askey-Wilson case (2.33) is not consistent with the reduction to Group (B). As can be seen clearly the transformation a j → q a
V (x; λ) simply fails to satisfy the two basic relations (2.25) and (2.26). For the cqH, having no parameter other than q, such a transformation using the twisting of a j is simply meaningless.
As can be easily guessed, the desired twisting should include the twisting of the parameter q as its part, if it should cover the cqH case. We write q-dependence explicitly, if necessary.
We propose the following twisting: which expresses a "q −1 -polynomial" in terms of "q-polynomials" as in (4.38).
Summary and Comments
Within the framework of discrete quantum mechanics for the classical orthogonal polynomials of Askey scheme with pure imaginary shifts, the duality between the eigenstates adding and Since the logics and method of deriving these identities are almost parallel to those for the Wronskian identities of the Hermite, Laguerre and Jacobi polynomials, we do strongly believe that similar identities could be derived for the classical orthogonal polynomials with real shifts, e.g. the (q-)Racah polynomials and their reduced form polynomials. These identities could be considered as manifestation of the characteristic properties of the classical orthogonal polynomials, i.e. the forward and backward shift relations or shape invariance and the discrete symmetries. To the best of our knowledge, the discrete symmetries for Group (B) polynomials § 4.2.4, which involve q → q −1 have not been discussed before.
The above mentioned duality itself requires proper setting of discrete quantum mechan- Let us mention some recent works related to the solvable deformations of classical orthogonal polynomials [20] - [24] . After completing this work, two preprints discussing similar subjects appeared [25] .
